The majority of quasi-analytic pricing methods for American options are efficient near-maturity but are prone to larger errors when time-to-maturity increases. A new methodology, called the 'extension' -method, is introduced to increase the accuracy of almost any existing quasi-analytic approach in pricing long-maturity American options. It relies on an approximation of the optimal exercise price near the beginning of the contract combined with existing pricing approaches so that the maturity range for which small errors are attainable is extended. The new methodology retains the quasi-analytic nature of the methods it improves on and we derive generic quasi-analytic formulae for the price of an American put as well as for its delta parameter. Our numerical study indicates that the proposed methodology considerably improves both the pricing and the hedging performance of a number of established approaches for a wide range of maturities. Furthermore, the pricing improvements are most sizeable at longer maturities, where existing approaches do not perform well.
Introduction
The problem of pricing American options has been widely examined in the last 40 years, but still there is no exact solution, not even under the Black-Scholes model. The main challenge consists in the fact that the American optionality requires the selection of the optimal exercise strategy (OEP) together with the valuation of the contingent claim. Several types of approximation approaches have been proposed in the literature to solve this problem but there is no single method outperforming the others in terms of pricing error, computational cost, hedging performance, mathematical and/or programming complexity and accuracy in optimal exercise prices, see Li (2010a) .
Recently the static hedging portfolio approach to price American options has also been used successfully for equity, see Chung and Shih (2009) , defaultable equity as in Ruas et al. (2013) and for barrier options Chung et al. (2013) .
Within the broad class of approximation methods, we focus here on the quasi-analytic methods consisting of analytic formulae that require at most a reasonably small number of numerical solutions of (integral) equations.
The first method in this subclass is described in Geske and Johnson (1984) , henceforth GJ, who used a portfolio of compound European options to replicate the early exercise feature of American options. Ho et al. (1997) used a generalization of this method to price American options on bonds and Bunch and Johnson (1992) improved the efficiency of the GJ method by optimally locating the exercise points and showed that most of the time only two -and in few cases for deep-in-the-money options only three -early-exercise dates including maturity are required. A remarkable technique is the quadratic approximation in Barone-Adesi and Whaley (1987), henceforth BAW, that gives an approximated solution of the Black-Scholes PDE in closed form. This method, extremely fast and accurate for very short and very long maturities, has been refined by Ju and Zhong (1999) , henceforth JZ, including a second-order extension that improves accuracy for middle-term maturities.
Subsequently, Li (2010a) further refined JZ by improving the accuracy of the OEP estimation. However, the approximations in BAW, JZ and Li (2010a) have the limitation that the error cannot be controlled. Moreover, Omberg (1987) approximated the OEP with an exponential function and Ju (1998) proposed a piece-wise exponential function for the OEP.
An important step in the American option pricing literature was the result of Kim (1990) , henceforth K, who derived an implicit-form integral equation for the OEP 1 . Hence, the pricing of American options can be reduced to identifying the OEP efficiently. Several subsequent papers focused on improving the computational performance of the integral method.
Among them, Sullivan (2000) employed Chebyshev polynomials and Gaussian quadrature, Kallast and Kivinukk (2003) used the trapezoidal rule and the Newton-Raphson method, and Kim et al. (2013) , based on an idea from Little et al. (2000) , transformed the integral equation into a numerical functional form with respect to the optimal exercise boundary, and subsequently constructed an iterative method to calculate the boundary as a fixed point of the functional. Moreover, Carr (1998) priced American options from a series of random maturity options but this method appears to be quite slow as pointed out by Sullivan (2000) . Broadie and Detemple (1996) calculated tight lower and upper bounds for the American call option prices under the assumption of a constant OEP.
1 Further technical details can be found in Carr et al. (1992) . in Broadie and Detemple (1996) , Barone-Adesi (2005) and Pressacco et al.
(2008).
All the methods above share the problem that they may produce large pricing errors for long-maturity options since, for most of them, the convergence depends on the decrease of the size of the time-step or, equivalently, on the increase of the number of iterations. However, an increase in the number of iterations makes these methods rapidly inefficient. The majority of these methods resorts to extrapolation techniques, principally to Richardson's extrapolation and consequently the computational time is still high. In Table 1 -see rows 'S', which contain the results for the 'standard' 2 as opposed to 'extended' version of the methods -the performance of several pricing methods is depicted with respect to the mean absolute percentage error, MAPE, for maturities ranging from less than 6 months to between 4.5 and 5 years. All the methods considered perform well for short maturities. Several studies report similar findings 3 .
In the options market it is common to find options with maturities of up to 2-5 years, so the problem of how to improve the performance of these methods is relevant from both an academic and a practitioners' point of view.
We propose here a quasi-analytic approach that aims to improve the performance of existing methods in pricing long-maturity options: see Table 1, rows 'E' (for 'extended'), where it is shown that our proposed 'extension' methodology always outperforms existing pricing approaches, across all maturity ranges considered, and that pricing improvements are most sizeable for longer maturities, where existing methodologies tend to perform worst.
Since the new approach extends the ranges of maturities for which an existing quasi-analytic method returns good results, we call it the 'extension' -method.
The proposed method resorts to two properties of the optimal exercise price (OEP) that, to the best of our knowledge, have not been used together before for pricing purposes: firstly, the observation that the OEP is almost constant for the first part of the option life, and secondly, the fact that the OEP is independent of the current underlying asset price. In particular,
we divide each option's time-to-maturity in two components according to the closeness to the maturity date and we use a constant approximation function for the first part of the option life and existing pricing methods (with their associated estimation approaches for the OEPs) for the second part. Consequently, under the proposed 'extension' methodology, the option price is equal to the sum of the expected discounted-payoff from the first part of the option life and the expected discounted-payoff from the second for options on a non-dividend paying asset for short time-to-maturity and on a dividend paying asset for long time-to-maturity options), Exhibits 3 and 5 in Ju and Zhong (1999) , Tables 3, 4 and 5 in Li (2010b, pp. 91-93), Figures 4. and 5. in Kallast and Kivinukk (2003, pp. 373-374) and Tables 4 and 5 in Kim et al. (2013, p. 7) .
part, conditioned on not exercising the option in the first part. An equivalent formula is provided for the Delta parameter. Our method is a generalization of Bjerksund and Stensland (2002) where the life of the option is divided in two parts and for both of them a flat approximation of the OEP is employed; it has the same rationale but, unlike Bjerksund and Stensland (2002) , our method works with a wide range of pricing formulae.
Furthermore, we also show that our method can be efficiently used together with asymptotic approximations of the OEP near expirations in order to price long-maturity options. Consequently, we show that the asymptotic approximations, which according to Barone-Adesi (2005) and Chung and
Shih (2009) Traditionally, the approximations of the OEP near expiration have been based on perturbation or asymptotic methods. Among them Kuske and Keller (1998) derived an asymptotic formula similar to Barles et al. (1995) based on the integral equation in Kim (1990) for non-dividend stock options. Barles et al. (1995) by exploring a relationship between the OEP and the gamma of the American put on non-dividend paying stock.
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All these traditional methods are designed for a short time-to-maturity of at most a few months. Cheng and Zhang (2012), henceforth CZ, provided an explicit approximate formula for the OEP function that is valid for a time-to-maturity of a few years and that covers the case of dividends (for a dividend yield lower than the risk-free rate).
To summarize our contribution, this paper extends previous research on American options in several ways. Firstly, we propose a new quasi-analytic approach for pricing and hedging American options. This relies on an approximation of the OEP -constructed based on its documented theoretical properties -in order to extend the applicability of established quasi-analytic methods, which are successful in pricing short maturity options, to longer maturity options. In the context of the proposed framework, we derive formulae for the American put price and for the corresponding delta. We also show the convergence of the put price obtained with our proposed ('extension') method to the perpetual put price, when maturity increases infinitely.
On the numerical side, we provide an extensive study which shows that, when compared with established quasi-analytic methods, the proposed approach leads to sizeable improvements in both pricing and hedging American options, especially at longer maturities where existing methods generally fail.
The remainder of the paper is organized as follows. Section 2 describes the modelling framework. The main theoretical results are discussed in Section 3
where the closed-form pricing and hedging formulae are derived. Section 4 briefly describes some quasi-analytic pricing methods which can be easily 'extended' by the new method. Finally, Section 5 is a numerical evaluation of the pricing and hedging performance of the 'extension' -method and Section 6 concludes. 7
Modelling framework
All modelling referring to American option pricing in this paper is done assuming the Black-Scholes model. Hence, under the risk-neutral measure Q, the dynamics of the underlying stock S are given by:
where r is the risk-free rate and δ is the annual dividend yield with continuous compounding. For simplicity the difference r − δ is denoted henceforth by b
and {W t } t≥t 0 is a Wiener process under the martingale measure Q.
Considering the put-call symmetry 4 proved by McDonald and Schroder (1998) , the problem of pricing American call options can be reduced to that of pricing American puts. Consequently, without any loss of generality, we only consider the case of American put options below. We next review a number of documented properties of the OEP of an American put which will be useful in deriving some of the theoretical results in this paper, as well as motivating our methodology. The optimal exercise price of the American put option with maturity T and strike price K is a continuous function, see Jacka (1991), non-decreasing with respect to time, bounded above by min{K, rK/δ} when dividends are paid at the rate δ, and below by the 4 Let P t (S t , K, r, δ, T ) and C t (S t , K, r, δ, T ) denote the time-t price functions of American put and call option respectively, with identical characteristics, and S f (K, r, δ, T, t) and S C f (K, r, δ, T, t) the corresponding optimal exercise prices, then P t (S t , K, r, δ, T ) = C t (K, S t , δ, r, T ) and S f (K, r, δ, T, t) = StK S C f (St,δ,r,T,t) . 8 optimal exercise price of the perpetual put option, S ∞ f , where
with β = (2) is more than exponential in time-to-maturity.
From the results above, it seems advantageous to focus any computational effort in the estimation of the OEP close-to-maturity since it changes slope rapidly and it can be difficult to estimate and use an approximation of the OEP far from maturity. Consequently, the key to our approach is to divide the option life in two parts, one closest to the beginning of the contract and one to maturity, and use existing pricing methods and their corresponding estimation approaches for the OEP in the second part while considering a flat approximation of the OEP for the first part. In doing so the advantage is threefold: the estimation of the OEP near maturity is precise, the existing methods are used where they have better performance (comparative advantage), and very low computational effort is required near the beginning of the contract where the theory suggests that the OEP is 'nicer'. The 'extension' -method is based on the well-known property discussed in Geske and Johnson (1984) , Kim (1990) and Basso et al. (2004) that, under the BlackScholes model, the optimal exercise price does not depend on the current spot price. As a consequence, it is possible to employ the OEP of a shorter maturity option to build part of the optimal exercise price of an American option written on the same asset, with the same strike price but with longer maturity.
Figure 1 depicts the intuition behind our method. For a given set of parameter values 5 , the figure plots the OEPs for two American put options, written on the same underlying asset, with maturities t 1 and T , where t 1 < T .
Assume that we are now at time t 0 and consider the intermediary time point
6 Because the two options have identical characteristics apart from their different maturity dates, and because the OEP does not depend on the prevailing spot price, the optimal exercise prices for the two options will coincide whenever the options have the same time to maturity. In particular, for any time t in the interval [t x , T ], the OEP of the long maturity option will be the same as the short maturity option's OEP, which is defined 
The 'extension' -method
We describe here the 'extension' -method which, as stated above, can be employed together with any quasi-analytic pricing method to improve the accuracy of the latter especially for long maturity options. The first step is 5 σ = 20%, δ = 5%, r = 8% and K = 100. 6 In Figure 1 , we assume t 0 = 0, t 1 = 1 year, T = 2.5 years and consequently t x = 1.5 years.
7 The OEPs are calculated by the integral method in Kim (1990) . The optimal exercise prices of two American put options are considered in the picture. The two options are written on the same underlying asset with σ = 20%, δ = 5%, r = 8% and K = 100. Furthermore, one has maturity t 1 = 1 year and the other T = 2.5 years. The continuous line represents the optimal exercise price of the option with maturity T and the dash dot lines represent the optimal exercise of the option with maturity t 1 . In particular, the left-most dash dot line is the 'original' function and the other is its translation over the continuous line to show they coincide in the interval [t x , T ] where t x = t 0 + (T − t 1 ) = 1.5 years represents the size of the translation. The OEPs are calculated by the integral method in Kim (1990) .
to split the option life in two parts: for the first part (i.e. the one closest to the beginning of the contract), we approximate the OEP as a constant X, while the pricing method we 'extend' provides the OEP and the pricing formula for the part closest to maturity. Consequently, the assumption made here is that the optimal exercise price S (E) f (·) of an American put option, with maturity T , starting life at t 0 , is given by:
where t x ∈ [t 0 , T ] is the break-point (i.e. the time point separating the option life in two parts, as explained above) 8 . S f (·) is the optimal exercise price of the shorter maturity option (written on the same underlying asset, with the same strike price). As explained in Figure 1 , we can think of the shorter maturity option as either starting life at t 0 and having maturity date t 1 , or as starting life at t x and having maturity date T . In either case, at the onset, the shorter maturity option has t 1 − t 0 = T − t x time (years) to maturity.
S f (·) will be estimated via an existing (standard) quasi-analytic methode.g. one of the methods described in Section 4 -which we are extending to price the long maturity option.
With the OEP given in (3), the price of the American put option is calculated as the sum of the expected discounted payoff (between t 0 and t x ), assuming that the option is exercised as soon as the spot price hits X, and the expected discounted payoff from the short maturity American option (between t x and T ) conditioned on not hitting X between t 0 and t x . Proposition 3.1 derives the pricing formula of the 'extension' -method, where the 8 We note that selecting t x −→ t 0 , the option price obtained with our proposed 'extension' -method converges to the price obtained via the method we are extending (i.e. what we call the corresponding 'standard' method) and when t x −→ T , the 'extension' -method price converges to the price of the method in Bjerksund and Stensland (1993) . The numerical study in Section 5 shows that for intermediate values of t x , each 'extended' method provides better prices (according to a number of criteria) than the corresponding 'standard' version. following notation will be used: P tx (S tx , T, K) is the price of the option with time to maturity T − t x (short maturity option) at time t x when the underlying asset price is S tx and the OEP is given by S fx (·) -a function defined on [t x , T ], which is the translation of the function S f (·), the latter being defined on [t 0 , t 1 ] -and P (E) t 0 (S t 0 , T, K|t x , X) is the price of the option with time to maturity T − t 0 (long-maturity option), at time t 0 , when the underlying asset price is S t 0 and when the optimal exercise price is given by (3).
We also use the simplified notation ϕ(γ, H) to denote the expectation term Proposition 3.1. Assuming Black and Scholes dynamics, the price of an American put option with strike price K and maturity T at time t 0 , based on the 'extension' of the method with pricing function P tx (S tx , T, K), is given by:
where
Proof. See Appendix A.
The proof of this proposition is similar to the proof for the pricing formula in Bjerksund and Stensland (2002) . Thus, when the OEP for the short maturity option is flat, the method described in Bjerksund and Stensland (1993) 9 applies and our pricing formula becomes the pricing formula in Bjerksund and Stensland (2002) . Therefore, the 'extension' -method can be seen as a generalization of Bjerksund and Stensland (2002) that combines any quasianalytic pricing formula for the short-maturity American put option and a flat approximation of the OEP near the beginning of the contract.
In order to satisfy the continuity property of the OEP, the constant X is fixed to be equal to S fx (t x ). All the empirical results in Section 5 are obtained for this equality holding 10 , however other available choices are the initial guess in Barone-Adesi and Whaley (1987) or the one in Bjerksund and Stensland (1993) . Furthermore, the following proposition shows that asymptotically our pricing formula converges to the perpetual put option price formula.
Proposition 3.2. For any t x ∈ (t 0 , T ], any X and any pricing formula for 9 A similar method, called the lower bound approximation ('LBA') has been described by Broadie and Detemple (1996) .
10 The results for the integral method and the compound-option method (both described in Section 4), are obtained for X equal to the OEP at time t x calculated by the quadratic method in Barone-Adesi and Whaley (1987) (pricing formula (8)) since the calculation of S fx (t x ) by any of the two methods is very poor when only few early/exercise dates are considered.
the short-maturity option P tx (S tx , T, K), when T → ∞, the price
given in Proposition 3.1 converges to the price of a perpetual option written on the same underlying asset, with the same strike price and which is exercised as soon as the underlying asset price hits X.
A proof is given in the Appendix B.
In addition to option pricing, the calculation of the Delta parameter is equally important in financial markets. The following result provides an analytic formula for the calculation of the Delta parameter of an American put option by the 'extension' -method, relying on the independence of the OEP from the current asset price.
Proposition 3.3. Under the same conditions as stated in Proposition 3.1, the Delta parameter is given by the following formula
Proof. Here we use the simplified notation ϕ (γ, H) to denote the partial derivative ϕ t 0 ,St 0 (S t 0 , t x |γ, H, X) = The pricing formula in Proposition 3.1 and the Delta parameter in Proposition 3.3 work under any specification for the pricing formula of the shortmaturity option. Choosing one or another pricing formula for this option only changes the last addend of formulae (4) and (5), i.e. the two integrals.
The following section summarizes some quasi-analytic pricing methods which can be used together with the results in the propositions above.
Methods for short maturity option
For the sake of clarity, we briefly describe some well-known pricing methods for American put options that could be employed under our methodology.
We consider quasi-analytic methods that do not depend on an optimization stage and/or parameters found by an intermediary regression step. For all the selected methods, as shown in Table 1 , the pricing performance worsens when time-to-maturity increases. Furthermore, although most of these methods, in their original definition, include an extrapolation step (Richardson's extrapolation), we shall not consider any extrapolations since we shall focus on the improvement of the method for a specific number of early-exercise dates.
Before the description of each method, let us enumerate some common factors underpinning the methodologies below. Firstly, we remind that P tx (S tx , T, K)
is the time-t x price of an American option contingent on an underlying asset with the dynamics specified in equation (1), with time-to-maturity τ = T −t x , strike price K and with underlying price S tx . Secondly, the OEP of the shortmaturity option is calculated by solving
for S fx (t), when needed 11 .
We report only the formula for S tx > S fx (t x ), because when S tx ≤ S fx (t x ), the option price is simply its immediate exercise P tx (S tx , T, K) = K − S tx .
We shall not report the delta-parameter functions and they can be found in the references below and/or can be calculated by simple derivation rules. In the following, we will denote by ∆ tx,T = T −tx 2 the time-step size.
Quasi-analytic methods

Compound-option Method (GJ)
The pricing formula in Geske and Johnson (1984) 12 , when considering two steps, is:
q 1 = S fx (t x + ∆ tx,T ) and S fx (t x ) solve (6).
Quadratic Methods (BAW and JZ)
The pricing formula in Barone-Adesi and Whaley (1987) is:
where 
where the formula for A 2 (S fx (t x )) can be found in Ju and Zhong (1999) and it is not given here for lack of space. Furthermore, S fx (t x ) solves
Integral Method (K)
The pricing formula in Kim (1990) , Jacka (1991) and Carr et al. (1992) 15 is:
where S fx (t) solves (6). For implementation purposes, formula (10) is discretized: when 2 time-steps of equal length ∆ tx,T are considered, formula (10) becomes:
where ∆ j t = ∆ tx,T (2 − j).
Interpolation method (LI)
The pricing formula in Li (2010b) is
Static-replicating portfolio
The pricing method in Chung and Shih (2009), considering two time-steps,
and w 1 , S fx (t x +∆ tx,T ) and w 0 , S fx (t x ) backwardly determined as the solution to the smooth-pasting condition and the value matching condition in (6).
Near-maturity asymptotic expansions
Evans et al. (2002) , EKK, arrived at the following approximation for the OEP near maturity 16 :
where α 0 ≈ 0.4517.
Zhang and Li (2010), ZL, proposed:
where the formulae for the terms u(ξ), v(η), w(·) and τ * can be found in Zhang and Li (2010).
Finally, Cheng and Zhang (2012) provided an analytic approximation formula that is in essence an expansion in terms of powers of
The formula is rather long and it will not be reproduced here for lack of space. They provide three methods, the simple analytic formula calculated These five near-maturity-asymptotic-expansion methods for the OEP will be used in combination with formula (10) to price the short-maturity options.
Numerical study
The aim of this section is to show the usefulness of the 'extension' -method and, to this end, we will apply it to all methods reviewed in Section 4.1, comparing the performance of each standard method with its 'extended' version and trying to highlight that the performance improves considerably. Furthermore, we will present an analysis of the 'extension' of near-maturity asymptotic expansions of the OEP (Section 4.2) and their performance comparison.
The focus will be on the accuracy since the computational effort required by 22 the 'extension' -method is only slightly higher than the standard methods and, in most cases, the additional computational time is negligible 17 .
The numerical study will be carried out for a flat approximation X fixed equal to S fx (t x ) in order to ensure the continuity of the OEP. However, for the integral method and the compound-option method, because when few steps are considered the value of S fx (t x ) can be quite unreliable, X is fixed to be equal to the OEP at time t x calculated by the quadratic method in Barone- (4) and (5) can be calculated analytically while the other require a numerical calculation of the integrals that is much faster than the numerical solution of integral equations.
18 The methods CZ, CZ-P and CZ-P-m have virtually the same performances when the flat approximation X is fixed equal to S fx (t x ). However, the methods EKK and ZL perform badly under this approximation for long maturity options since they are valid up to few months maturities. Consequently, for consistency we report all the results for X equal to S fx (t x ) calculated by the quadratic method in Barone-Adesi and Whaley (1987) .
19 This is the maturity period suggested by Cheng and Zhang (2012) . 20 In this case, the difference T − t x has been considered since the feasibility of the intervals of 2 weeks. Overall 52 points were considered (2 weeks, 4 weeks, . . ., 2 years). For this reason, options with maturities shorter than 2 weeks have been disregarded. Moreover, in order to satisfy the theoretical properties of the OEP, we disregarded an OEP-expansion in case of negative values, values above the strike price, non-monotonic function and non-real functions.
In the next two subsections, we will separately study the pricing and the hedging performance.
Pricing performance
The pricing-performance study is constructed from a total of 10,000 randomly generated scenarios. In particular, the parameters in (1) and the options characteristics are drawn as in Broadie and Detemple (1996) : the volatility σ is distributed uniformly between 0.1 and 0.6; the initial asset price S t 0 is fixed at 100; the strike price K is distributed uniformly between 70 and 130; the dividend rate δ is distributed uniformly between 0.0 and 0.10 with probability 0.8 and equal to 0.0 with probability 0.2; the risk-free interest rate is uniformly distributed between 0.0 and 0.1. Given the importance of time-to-maturity to establish the usefulness of the 'extension' -method, we divide the simulated scenarios in 10 sets with equal cardinality. The sets We use three measures of error to compare each method with its 'exasymptotic expansion depends only on the time to maturity in absolute terms.
tended' version: mean absolute percentage error (MAPE), number of best solutions found 21 , defined as number of scenarios for which the relative error of the extended method is smaller than the standard method, and maximum relative error. The performance of the methods is summarized in Tables   1 and 2 for quasi-analytic methods and Table 3 for asymptotic expansion methods.
For each 'standard' method considered, the 'extension' -method increases its pricing performance and this comes at a small (and usually negligible) cost in additional computational time. Table 1 shows that the 'extension' -method has the advantage of levelling out the performance of quasi-analytic methods across maturities, shrinking the range of MAPEs. For some methods (BAW, CS2 and CS3) the 'extension' -method achieves remarkable reductions in MAPE of over 80%. Surprisingly, the 'extension' -method also works efficiently for options with maturities below 6 months. For each maturity range, the percentage of 'best solutions' for the extended versions is above 99%. The only exception is for the integral method with 3 exercise-dates (K3), for very short-maturity options (shorter than 6 months) since in this case the percentage is only 38.1 %. Furthermore, as indicated in Table 2, the 'extension' -method sensibly solves particular problems 22 encountered by standard methods and consequently the maximum relative error is much lower with the 'extensions' rather than with their standard counterparts.
All the results relative to the extended versions of the methods are in relation to the ratio t x /T which has the lowest MAPE linked to it 23 . However, we point out that the 'extension' -method is robust to the selection of this ratio in the sense that for wide ranges of this ratio each 'extended' version outperforms the corresponding standard version. Figure 2 plots the MAPE (cumulative for the scenarios in A-J) of each 'standard' method against the one of the corresponding 'extended' method. For any ratio t x /T below 0.7, each 'extended' version produces MAPEs that are sensibly smaller than the 'standard' version. For ratios above 0.7, the 'extension' -method converges to the method in Bjerksund and Stensland (1993) while for small ratios, it converges to the corresponding 'standard' method, as we were theoretically expecting. For the improved quadratic method in JZ, the range of the ratio is slightly smaller since the 'standard' JZ performs better than the other methods. Table 3 summarizes the results on the three error measures discussed above for the asymptotic expansion methods of the OEP. Overall, the 'extension' -method can be successfully used to 'extend' asymptotic expansions of the OEP up to maturities as long as 5 years. The method that outperforms the other ones under almost any scenarios and measures is CZ-P-m.
The performances reached by the methods in Table 3 are better than some of the considered ('standard') quasi-analytic methods but slightly worse than their 'extended' versions. Also for the asymptotic expansion methods, the results are robust to the selection of the parameter t x 24 .
23 The ratio for each method is the one that minimizes the corresponding solid line in Figure 2 . 24 The results for different selection of t x are not shown in the paper and are provided by the authors upon request. 
Hedging performance
The numerical study on hedging performance is based on the implementation of delta-hedging strategies and an analysis of the hedging errors. Methods in both Section 4.1 and Section 4.2 are considered. The performance evaluation is carried out according to the average quadratic hedging error where the hedging error is defined as the difference in value between the option and the hedging portfolio at the exercise date. The fair price for the options is chosen to be the 15,000 time-step binomial-tree price.
We consider three sets of 1000 simulated scenarios, each corresponding to an American put option with certain parameters and for each of them we set-up the delta-hedging strategy deriving from the selected method. The options have strike price K = 100 and maturity 5 years, are written on an underlying asset with volatilities σ = 0.4, dividend rate δ = 0.04, initial spot price S 0 = 100 and risk-free r = 0.05. Three alternative values for the expected log-return on the underlying asset are considered, namely µ = {0.05, 0.06, 0.07} and they correspond to the three simulated sets, as shown in Table 4 . The results in this table demonstrate that our proposed approach is capable of delivering an improved hedging performance when compared to the 'standard' methodologies. This conclusion is robust to changes in model parameters, choice of 'standard' method which is extended, as well as choice of option maturity.
Conclusion
Most of the quasi-analytic methods currently used for pricing and hedging American options are more likely to perform better for short-maturity options than for long-maturity ones. We proposed here a quasi-analytic method which has the potential to improve the performances of any quasi-analytic pricing and hedging method for long-maturity options. We carried a numerical study on the usefulness of the 'extension' -method for pricing and hedging a large sample of American options when combined with 6 well-known quasi-analytic methodologies. We showed that for each of them remarkable improvements were obtained for both hedging and pricing with the only loss of very little computational time, usually negligible. Remarkably, the 'extension' -method improves also on the pricing and hedging performances of short maturity options. Given the optimal exercise price in (3) for the generic X ≤ S fx (t x ), let us define the correspondent stopping time 25 as:
The intervals are right-open to avoid situations where the infimum does not exists.
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where t * u (x) = inf t∈[tu,∞) {S t ≤ x}. Consequently, the American put price is:
The following results are helpful in the solution of (A.1). The first result is the price of a perpetual put option starting at time u:
where α(x) and β are given in Proposition 3.1. The second result is the following expectation 26 :
where B H = γ ln expectation in equation (A.1) is
where the equivalence (e.1) follows from the definition of the stopping time and the indicator function. The second expectation in equation (A.1) is
Finally, the third expectation in equation (A.1) is
where the equivalence (e.2) follows since the inner expectation is the time-t x price of an option with maturity T and strike price K, i.e. the short-maturity option. In (A.8), z tx = γ ln This table presents the mean absolute percentage error (MAPE) for 6 quasi-analytic methods (indicated as 'S' for standard) and their 'extended' version (indicated as 'E'), i.e. when the 'extension' -method in Proposition 3.1 is applied to them. The methods considered are: (GJ) the method in Geske and Johnson (1984) with two and three exercise dates, (BAW) the quadratic method in Barone-Adesi and Whaley (1987) , (LI) the interpolation method in Li (2010b), (K) the 'integral' method in Kim (1990) with two and three exercise dates, (CS) the static-replicating portfolio method in Chung and Shih (2009) (1996) and summarized in Section 5. In the last row, for each maturity range, there is the number of option with fair price above 0.5. The values for the 'extension' -method are calculated for the ratio t x /T which has the lowest MAPE linked to it (the ratio for each method is the one corresponding to the minimum of the solid lines in Figure 2 ). (1996) and summarized in Section 5. In the last row, for each maturity range, there is the number of option with fair price above 0.5 and maturities longer than 2 weeks. The values for the 'extension' -method are calculated for a value T − t x (in weeks) which has the smallest MAPE linked to it. All the results are calculated considering one exercise date per day (7 days a week). This table presents the average quadratic hedging error for 6 quasi-analytic methods (indicated as 'S' for standard), their 'extended' versions (indicated as 'E') and 5 'extended' asymptotic-expansion methods. The considered quasi-analytic methods are: (GJ) the method in Geske and Johnson (1984) with two and three exercise dates, (BAW) the quadratic method in BaroneAdesi and Whaley (1987) , (LI) the interpolation method in Li (2010b), (K) the 'integral' method in Kim (1990) with two and three exercise dates, (CS) the static-replicating portfolio method in Chung and Shih (2009) 
